Abstract-A nonlinear piezoelectric amplification mechanism utilizing structural buckling is presented, and its static and dynamic properties are measured and analyzed. Buckling is a pronounced nonlinear effect that occurs at a structurally singular point. A small piezoelectric displacement on the order of 10 μm results in a large buckling displacement on the order of millimeter. Furthermore, the usable stroke is doubled if both sides of the singular point can be reached resulting in bipolar motion. Despite the large gain, buckling is an erratic, singular phenomenon; the side on which deflection will occur is unpredictable. In this paper, multiple design concepts are presented for regulating the buckling direction as well as for extending its usable stroke to bipolar motion. Nonlinear force-displacement relationships are modeled and measured. Nonlinear dynamic analysis using phase planes reveals that the buckling actuator can generate bipolar motion above a specific amplitude. Below this amplitude, it generates only monopolar oscillation. The proposed design concepts are implemented on monolithic flexure mechanisms, and prototype buckling actuators are tested to verify the concepts. Experiments show promising results: 20 N of peak-to-peak output force, and 6.2 mm of bipolar displacement generated by piezoelectric actuators with free displacement of 42 μm.
I. INTRODUCTION

P
IEZOELECTRIC actuators have a number of salient features, including high stress, high bandwidth, and high power density along with stable and reliable material properties. In the robotics literature, piezoelectric actuators have been used for various robotics systems, ranging from micromanipulators [1] , [2] to mobile robots in air [3] , water [4] , and on land [5] .
Despite valuable features, the greatest shortcoming of piezoelectric actuators is the limited strain that they produce. Strains of lead zirconate titanate (PZT) stacks are on the order of 0.1%, well below the strains of skeletal muscles and other smart actuator materials. Displacement amplification has been a subject of piezoelectric actuator research for the past several decades. A number of methods have been developed, which can be classified into internally leveraged (bimorph bending cantilevers [6] , and unimorph bowing actuators [7] , [8] ), externally leveraged (lever arm, hydraulic, and flextensional actuators), and frequency leveraged actuators (inchworm, and ultrasonic actuators) [9] . Internally leveraged actuators exhibit substantial displacement but with significantly decreased force due to the strain energy absorbed in bending resulting in low stiffness. Frequency-leveraged actuators rely on the friction of contacting surfaces, which varies depending on the pressure and surface conditions, and they require substantial additional mechanical elements. Flexure-based amplification methods can produce relatively large force over a limited stroke. They were originally designed for acoustic purposes, but have since been designed to maximize output displacement and force [10] . Numerous flextensional mechanisms utilize a central piezoelectric stack actuator surrounded by an amplification structure such as the "Moonie" [11] , "Cymbal" [12] , circular flexure hinge systems [13] , and the "DWARF" system [14] . In these designs, the piezoelectric actuator does not rotate relative to the rest of the structure.
Alternatively, the presented method and others utilize a plurality of length-changing actuators to rotate themselves around compressed points of rotation. Examples of such structures include a pyramid like actuator [15] , [16] , the "X-Frame" [17] , and the "V-stack" [18] . Typically, flexures or rolling contact joints are used for compressive load bearing joints.
A single flextensional actuator can typically amplify displacement by a factor of approximately 10. In an attempt to gain a larger effective strain, nested amplification mechanisms have been developed; for example, flexure amplification stages have been added to piezoelectric discs [19] , flextensional mechanisms [16] , [20] , [21] , and bimorph amplifiers [22] , [23] . In general, parasitic properties of mechanical structures degrade performance. Additionally, the added mass and volume of these components decrease power density and energy density metrics.
The presented method produces a displacement amplification ratio of ∼100 without the addition of much structure to the piezoelectric elements. The key idea is to exploit "buckling," a pronounced nonlinearity of structural mechanics. Consider a tall PZT stack constrained between two rigid walls. It may buckle as it tends to expand. Suppose now that the tall PZT stack is evenly divided into two stacks connected in series with a rotational joint in the center, with additional rotational joints connecting the other ends of the PZT stacks to the walls, as shown in Fig. 1 . Then, the buckling direction is constrained within a plane, and a large displacement occurs at the central rotational joint between the PZT stacks, called a keystone. The keystone displacement is typically ∼100 times larger than the displacement of the individual PZT stacks.
Previous actuators exist that utilize bistable actuation including shape memory alloy [24] , and thermo-elastic [25] actuators.
While this nonlinear and singular phenomenon can produce an order-of-magnitude larger displacement amplification than typical flexure-based methods, buckling is an erratic, unpredictable phenomenon; although constrained in a plane, the direction in which buckling will occur is unpredictable. The objective of the current paper is to regulate the buckling direction and extend the usable stroke to both sides. The resultant effective stroke of bipolar motion can be more than 200 times larger than the displacement of the individual PZT stacks. Two kinematic methods and one dynamic method for regulating buckling direction and doubling the usable stroke are discussed. The first kinematic method utilizes a stiff mechanical element to redirect the PZT stack force [24] . The present paper expands upon the previous work by introducing a refined model validated by a newly presented functional prototype incorporating a redirecting stiff element. The second kinematic method utilizes a plurality of buckling actuators [25] . The present paper contributes to previous dual buckling actuator work by expanding the model to incorporate the kinematic change that occurs when a PZT stack no longer bears a compressive load. Additionally, this new model is validated by careful experimentation with new precise results. Force redirecting mechanical elements [17] , [18] , and multiple flextensional units have been used for balancing kinematic properties [13] , [26] , [27] but to the authors' knowledge, neither method has been used to control displacement through a singular configuration. The dynamics of buckling actuators have previously been studied [28] , but with limited time domain analysis and experimental work. The present paper presents insightful features of dynamic performance-based theoretical analysis of buckling actuators including new phase plane analysis. This analysis is validated by new careful experimentation with new precise results.
The first half of the paper discusses the kinematic and static properties of the buckling actuator, and addresses how to regulate the direction of buckling and achieve bipolar operation. The second half of the paper is concerned with the dynamic properties of the PZT buckling actuators. Phase plane analysis will show that stable bipolar motion is achievable under specific conditions. II. DESIGN CONCEPTS [24] , [25] A. Exploiting Buckling for Large Displacement Amplification Fig. 1(a) and (b) shows the schematic of a PZT buckling actuator, consisting of a pair of PZT stacks, a keystone connecting the two PZT stacks in the middle, and end supports that secure the PZT stacks to two rigid walls at both ends. The keystone and the end supports are ideally rotational joints that rotate within a plane.
When the PZT stacks are activated, they tend to elongate, generating a large stress along the longitudinal direction. When the two PZT stacks are completely aligned, the longitudinal forces cancel out, creating an unstable equilibrium. With any disturbance, the two PZT stacks tend to rotate, i.e., "buckle," as shown in Fig. 1(b) . Let δL be the elongation of each PZT stack and y be the vertical displacement of the keystone output node.
Note that the amplification gain G tends to infinity as y approaches 0. This is a type of kinematic singularity. Even for a finite piezoelectric displacement, the amplification gain G is significantly large. Fig. 1(c) plots the amplification gain G as a function of the output displacement, y. As addressed in Section III, the force-displacement characteristics of the PZT buckling actuators are highly nonlinear and even counter intuitive. Despite the large displacement, the maximum force that can be produced is still large due to the high efficiency of the energy transfer.
It is not feasible to quasi-statically bring the output keystone from one side to the other across the middle singular point. Once the keystone goes upward, it tends to stay there, and vice versa. This is in a sense "monopolar" activation, in which the stroke of the output keystone is half of the total possible displacement. Therefore, it is desirable to both control the buckling direction and have the capability to pass through the singularity point to the other side once buckling has occurred. This bipolar activation can double the displacement stroke. 
B. Redirecting Stiffness
The buckling direction may be controlled if asynchronous activation is used for the two PZT stacks and the mechanical structure is modified accordingly. As shown in Fig. 2(a) , an additional stiffness element indicated by a spring is placed in an oblique orientation. If the left PZT stack is first activated, then a positive displacement of Δx is generated in the output keystone as shown in Fig. 2(b) . Because of the redirecting stiffness, this displacement in the x direction generates a force in the y direction and forces the buckling unit to buckle upward, Fig. 2(c) . After buckling, the right PZT stack may be activated to further push the output keystone upward. Similarly, if the right PZT stack were to be activated first, a negative x displacement would be generated causing a force from the redirecting stiffness to cause the buckling unit to buckle downward.
The key to this controlled buckling via lateral activation is the 2-D stiffness in which the output keystone is suspended. Let K be a 2 × 2 matrix relating the restoring force vector (F x F y )
T acting on the keystone to the displacement vector of the keystone (Δx Δy)
If the off-diagonal element is less than zero (K xy < 0), then the y directional force becomes positive (F y > 0) in response to positive Δx, initially generated by the left PZT stack. Note that K is a positive definite, symmetric matrix with two principal axes associated with two positive eigenvalues, λ max > λ min > 0. As long as K xy = 0, the two eigenvalues are distinct and the directions of the principal axes are not aligned with the x-and yaxes, the longitudinal and transverse directions of the dual PZT stacks. This condition can be realized with numerous structure designs [24] .
C. Dual Buckling Unit Mechanism
Consider two sets of buckling actuator units arranged next to each other with output axes aligned. As shown in Fig. 3 , the two keystone output nodes, B and E, are connected with a rigid coupling that is shorter than the distance between the two sets of buckling actuators: BE < AD = CF. In this configuration, if the bottom buckling unit DEF is activated first, the keystones move upward, and the keystone of the top inactivated unit B may pass through its singular point as shown in Fig. 3 (a) at time t 2 . Then, if the top buckling unit ABC is activated, the output nodes will move further upward as shown in Fig. 3 (a) at time t 3 . At this time, both units work together to generate force and displacement in the upward direction. Conversely, if the top buckling unit is activated first followed by the bottom, then the output will first move down [as in Fig. 3 (b) at time t 2 ] and then move down further [as in Fig. 3 (b) at time t 3 ]. In both cases, the active unit forces the inactive unit through its singularity position. Once the output nodes of both units are on the same side of their respective singular points, activation of both units causes further displacement in the same initial direction as shown in Fig. 3 (a) and (b) at time t 3 . This actuation method requires the top and bottom buckling actuator units to be activated asynchronously or temporally out of phase. This phased array actuator utilizes both being out of phase spatially and being activated out of phase temporally.
III. FORCE-DISPLACEMENT ANALYSIS
A. Basic Properties of Buckling Mechanism
The buckling actuator can be modeled as a series of two springs in parallel between two grounded nodes, as shown in Fig. 4 . The activation of the PZT stacks is modeled as effectively changing the rest length of the springs from L to L + ΔL. For the ideal actuators, the length of each spring at the singularity point shown in Fig. 4 (a) would be equal to the rest length of each spring. However, this is not physically realizable due to manufacturing tolerances, nor necessarily desirable due to preload benefits (as described in Section V). A preload is achieved by positioning the grounded ends of the buckling actuator a preload displacement length l p closer to the center than the rest length of the spring L, as shown in Fig. 4(b) . With this model, the potential energy U stored in a spring can be calculated as a function of free displacement of the PZT stack at a given voltage input ΔL and output displacement y.
The negative derivative of U with respect to y yields the force along the output axis exerted by the buckling actuator
A plot of the force versus output displacement is shown in Fig. 5 for two activation levels: ΔL = 0 (Off) and ΔL = ΔL max (On). The parameter values for these plots are based on prototypes using 40 mm PZT stack actuators with a maximum free displacement of ΔL max = 42 μm, (NEC TOKIN AE0505D44H40). The spring constant k is calculated based on the geometry and material properties of the steel flexure joints as well as the stiffness of the PZT stacks [16] . The bending stiffness of the flexures was calculated and accounted for.
The negative slope of the force-displacement curve, i.e., the stiffness, is also plotted with broken lines in Fig. 5 . Note that the stiffness is negative in the middle, which implies that instability occurs in the vicinity of y = 0. This singular point is unstable even for ΔL = 0 (Off), as a preloading displacement is applied. The preload displacement l p depends on manufacturing tolerances and the necessity of a compressive load in the PZT stacks. In the following analysis, l p is conservatively modeled as equal to the maximum free displacement ΔL max .
There are a few important features to note about a single buckling actuator that can be seen in Fig. 5 .
1) Remark 1 (The Significant Displacement Amplification of the Actuator):
The displacement in a single direction is greater than 1.5 mm at full activation, i.e., 150 V. Utilizing bipolar actuation, the total displacement is greater than 3.0 mm. Compared to the maximum free displacement of the PZT stack (42 μm) at 150 V, this buckling actuator produces 71 times larger displacement.
2) Remark 2 (Nonlinear Force-Displacement Characteristics):
The maximum force is not generated at zero displacement (y = 0) as is the case for solenoids and typical PZT stack actuators, but at a point in the middle of the stroke. In this ideal model, no force is generated at the singular point at y = 0, and in realized prototypes this force is very small compared to the maximum achievable force.
3) Remark 3 (Varying Stiffness):
Near the singular point, the stiffness is zero or negative, whereas it increases sharply as displacements get larger in both directions.
The feature from Remark 2 aforementioned significantly differs from the inherent PZT stack properties and the properties of conventional displacement amplification mechanisms, in which the peak force, i.e., blocking force, is created when no displacement is made; the output force decreases monotonically as displacement increases. In contrast, the buckling actuator produces its peak force mid-stroke. This nonlinear force-displacement relationship is useful, as we exploit in designing multiunit actuators.
From Remark 3, the buckling actuator exhibits a unique stiffness characteristic; stiffness becomes zero, or even negative with nonzero activation level, in the vicinity of the singular point. This allows us to control the buckling direction of a single unit with the redirecting stiffness mechanism. Additionally, the stiffness at the singularity is also used for arranging multiple units in an array, as with the dual buckling unit design. When one unit moves in the vicinity of the singular point, it is effectively "disengaged" from other unit(s), so that it may not be a "load" for the other units producing forces.
B. Single Buckling Actuator With the Redirecting Stiffness
Consider the simplified static model of a buckling unit with a redirecting stiffness shown in Fig. 2 . By incorporating the potential energy associated with the redirecting stiffness U red into the potential energy equation, (3), we can compute the forcedisplacement relationship with two independent activation levels of the PZT stacks. Because of the redirecting stiffness effect on symmetry, the output force and displacement are now 2-D, having both x and y components. Fig. 6 shows the isopotential curves of a few demonstrative combinations of right and left PZT activation levels: (a) both not activated, (b) only left activated, and (c) both activated. Points in the potential energy field where any movement along either axis results in additional potential energy, or "valleys," represent unforced, steady-state positions of the actuator. The output keystone is forced toward these valleys.
For the simulation, we model PZT stacks with length L = 40 mm, maximum free displacement ΔL max = 42 μm, and stiffness 2.0 × 10 7 N/m. Flexure joint compressive and bending stiffness values were modeled as steel beams described in Section V. The ratio of -x s to y s is y/(2 L) where y is the precomputed simple single buckling unit free displacement in the output direction. The grounding point of the redirecting spring is in the second quadrant and its stiffness k s is designed to be approximately equal to the stiffness of the series stiffness of the PZT stacks and flexure joints. This rule-of-thumb value provides a good balance of providing a high K xy versus increasing K y y which degrades performance, but this value may be adjusted depending on required controllability and performance requirements.
When both units are inactive, there is a single valley at the origin [see Fig. [6](a)] and the output is forced toward the origin from any other point. When a single PZT unit is active, there is a nonzero force at the origin, and the output node is directed toward a valley away from the origin [see Fig. [6](b) ]. When both units are fully activated, there are two valleys on either side of the buckling position with a saddle point at the origin, showing that if the output has been positioned on a specific side, it will stay on that side.
There are two subtle but important points. First, the axes of symmetry are aligned with the eigenvectors of the stiffness matrix K of (2). Second, it can be shown that there is a finite force at the origin when the activation levels of the input stacks are different for finite values of x s , y s , and k s . There may be two valleys, and thus two stable positions that exist for just one unit fully activated depending on the relative stiffness k s /k p and orientation of the redirecting element, -x s /y s . However, the origin cannot be a saddle point; there will always be a finite force toward only one of those valleys. Therefore, the buckling direction is always controllable for a finite range of external force.
C. Dual Buckling Actuator
As with the simulation for the single-unit buckling actuator, the series stiffnesses of the piezoelectric actuators and axial stiffness of the joints were modeled as springs, while the activation levels of the piezoelectric actuators were modeled as effectively changing the rest length of those springs. A significant change, however, is when the actuators are modeled in tension. In implementation, unless a local preload or coupling is used, the PZT stacks begin to lose firm contact with the structure as they go into tension. Therefore, this highly nonlinear phenomenon must be modeled. It is simply modeled as a change in axial stiffness by a factor of 0.2 when in tension. Additionally, the bending stiffness of the flexures was modeled as rotational springs. • , there exists a global minimum, and the output is forced toward the origin at every displacement value. Even if the output displacement of one of the buckling units is extended past its singularity point, the actuator still provides a restoring force to the zero displacement position. In contrast, the origin is unstable for smaller rest angles. This is because the preloading displacement causes instability in the vicinity of a singular point. Note that for θ 0 = 1
• , there are three local minima. When a single unit is active, as shown in Fig. 7(b) , the slope of the potential curve at the origin becomes nonzero for θ 0 > 0. A nonzero slope means that at the rest position, the output nodes will be forced in one direction. Note that in Fig. 7(b) as θ 0 increases, the local maximum on the left-hand side gets higher, providing a higher energy barrier to prevent the actuator from moving in the unwanted side. This gives more control over the output motion, but at the cost of efficiency because a greater amount of energy from the input actuators is converted to strain energy within the actuator when both buckling units are activated. This can be seen by the less deep wells for θ 0 = 2 Fig. 7(c) .
When both units are active, two symmetric unforced equilibrium points exist at nonzero displacement. These equilibrium displacements are greater in magnitude than the equilibrium displacements from activating just one unit. Thus, the simulation shows that activating one unit, followed by the other after the output is beyond the zero displacement point, is a method of controlling the buckling direction of the actuator.
IV. DYNAMIC BIPOLAR MOTION
A. Nonlinear Dynamic Model
Due to the prominent nonlinearity of the buckling mechanism, the dynamics of the buckling actuators are highly complex. This section analyzes dynamic behaviors of the buckling actuator coupled to a simple mass-damper load. The analysis will focus on bipolar motion, which doubles the stroke.
This analysis is intended to directly evaluate and clearly describe insightful phenomenon about the unique mechanism presented. Linearization about the equilibrium points clearly shows stable oscillations about two points, and a saddle point at the zero displacement point. Further analysis will show that trajectories that lay outside the two critical trajectories (separatrices) that meet at the saddle point will generate bipolar oscillations. Derivation of equations of motion for a similar system can be found in [31, Sec. 8.2.4]. More in depth analysis for a bistable piezoelectric generator with similar dynamics can also be found in [32] .
Let m be the total effective mass of the load and the buckling actuator reflected to the output node, and b the total damping coefficient at the output node. From (4) we obtain the following 
The load may also be modeled as a mass-spring-damper using this model if the stiffness of this load is simply added to the stiffness k of (5). Note that this is a simplified model. While the mass is distributed across the buckling mechanism, it is lumped to a single effective mass at the output node. Furthermore, the mass is assumed to be constant despite the fact that the PZT stacks rotate and their effective mass changes accordingly. These assumptions are justifiable since the angular displacement is very small, and small rotational inertia of the stacks combine to form a negligible effect on the effective mass of the system. Fig. 8 illustrates representative phase plane plots of undamped (b = 0) and damped system governed by (5) , where the input was set to zero (ΔL(t) = 0), and a preloading offset length l p was equal to the maximum free displacement. Note that in Fig. 8(a) there exists an undamped trajectory that passes through the origin (y = 0,ẏ = 0). This is a critical trajectory separating bipolar motion from monopolar motion for the undamped system. Any state of position and velocity that lies within this trajectory is part of a trajectory staying only on one side of the singularity: monopolar motion. Conversely, any state that is outside of the critical trajectory is part of a trajectory that passes through the singular point and sweeps both sides of the singularity: bipolar motion. For the damped system, shown in Fig. 8(b) , the trajectory starting off at a point outside the critical trajectory exhibits bipolar motion, going across the singular point for the first few cycles, but ends up with monopolar oscillation as it enters the inside of the critical trajectory.
B. Equilibrium Points and Phase Plane Analysis
There are three equilibrium points in the system of (5); two are stable, and one is unstable. 1 We first look at the properties of the unstable equilibrium point (y = 0,ẏ = 0) and show that the point is a saddle point for both damped and undamped systems. This can be shown by linearizing the system at an equilibrium point and examining the poles of the linearized system. Linearizing (5) about y = 0 yields
where
Note that c > 1 for all ΔL ≥ 0 because l p > 0. The state equations can be written as
The poles of the linearized system are given by
For the undamped system, these values are simply
The eigenvalues of the damped and undamped systems are always opposite in sign, therefore, the point (0,0) is a saddle point. This is indicative of the unstable, singular nature of the point. The trajectories corresponding to the positive value can be interpreted as instability. Fig. 8(a) presents several key points. The eigenvector associated with the positive value is in the direction of the line between the two arrows pointing away from the origin on the critical trajectory. The trajectories associated with the negative value can be interpreted as the system's ability to draw trajectories toward the origin. The eigenvector associated with the negative eigenvalue is in the direction of the line between the two arrows pointing toward the origin on the critical trajectory. The saddle point is clearly observed at the origin. Similar general analysis is now shown for the stable equilibrium points. The equilibrium points are
The elastic forcing terms about these points can be expressed as
(12)
Note that c 1 > 0. The linearized state equations can be written as The eigenvalues with and without damping of the Jacobian are
Assuming the system is not critically or overdamped (b 2 < 4c 1 m), the poles are complex conjugates of each other with negative real parts. This means that these points are stable foci with trajectories orbiting and approaching them as shown in Fig. 8(b) . In the undamped case, there is no real part, thus local trajectories constantly cycle around but never approach the point as can be seen in Fig. 8(a) . Linearized equations of motion around these stable points behave as simple mass-springdamper systems.
The critical trajectory passing through the saddle point of the undamped system provides the minimum amplitude to achieve bipolar oscillations. In Fig. 8(a) , this minimum amplitude y c is the y coordinate of the critical trajectory when crossing the y-axis (ẏ = 0). The critical value y c can be derived by using the conservation of energy. Since the kinetic energy is zero on the y-axis, the potential energy in the system atẏ = 0 is a constant value for a constant ΔL in the undamped system. Therefore, the potential energy is equal at y = 0 and y = ±y c . Derived from expressions for potential energy at these positions, y c can be expressed as
(15) Dynamic bipolar motion is limited to a class of large amplitude oscillations. Small amplitude bipolar oscillations less than the critical value y c does not exist. The period of bipolar oscillation can be obtained by using the standard technique of phase plane analysis: (1/ẏ)dy. This integral diverges for the critical trajectory, since it take infinite time to reach/leave the origin.
V. PROTOTYPING AND EXPERIMENTATION
A. Prototypes
Four prototypes were built and tested to validate the bipolar buckling actuator performance. High-yield stress alloy steel was machined via wire electrical discharge machining (EDM) to produce the keystones, flexures, and support frames for the single unit, redirecting stiffness unit, and dual unit buckling actuators shown in Figs. 9, 11, and 12, respectively. The PZT stacks in these prototypes are 40 mm NEC Tokin AE0505D44H40 stacks, have a free displacement of 42 μm and a blocking force of 850 N.
To prevent damaging the brittle ceramic structure of the PZT stacks 1) care was taken to minimize the bending load imparted by the flexures; 2) the PZT stacks were loaded through their centers by collinearly aligning the axes of the flexures and stacks; and 3) the load was distributed evenly on the ends of the stacks via the triangular end-caps that interface the ends of the stacks with the flexures. Through rigorous testing, no PZT stack was damaged through use in any of the presented prototypes.
The dynamic actuator prototype shown in Fig. 14 uses 18 mm NEC Tokin AE0505D18F PZT stacks with a total of 15 μm stroke. To reduce weight and cost, a plastic material (acrylonitrile butadiene styrene) was used for this prototype. The structure was 3-D printed by using a Dimensions 3-D printer, model sst 1200es. Thin compliant beams connect the keystone to the rigid frame to simplify assembly. These beams add negligible stiffness to the system.
In each case, the distance between paired PZT interfaces (L − p ) was made slightly less than the length of the PZT, i.e., l p > 0, to provide a preloading initial displacement. Preload is beneficial because it eliminates overly compliant initial contact stress, which causes nonlinear contact effects. It is preferable to not adhesively connect the PZT stacks to the grounded nodes for two reasons. First, adhesive or other coupling methods would introduce additional compliance in series with the PZT stacks, and second, the coupling should not be used in tension because the PZT stacks of ceramic layers could become delaminated due to cyclic tensile stresses. Compliance from any source that is in series with the PZT stacks degrades output performance by storing strain energy that could be otherwise applied to the load upon activation. With sufficient preload, the PZT stacks stay in contact with interfacing surfaces.
Note that hysteresis is a significant issue for PZT-based applications; however, the present study presents concepts that are independent of the hysteresis issue. The experimental data presented are for single voltage actuations in order to clearly present the novel concepts.
Displacements were measured with a laser micrometer from Micro-Epsilon, model NCDT 1401 with displacement resolution of 1 μm. Force was measured with a load cell from transducer techniques, model MLP-10 with resolution of 0.04 N.
B. Static Performance
The single unit prototype was used to validate the nonlinear force-displacement relationship shown in Fig. 10 . The voltage applied was 88% of the maximum voltage. A free displacement of 1.74 mm was achieved for each side of the singular point. Comparing this to the free displacement of the PZT itself, approximately 50 times larger displacement was obtained. Over 10 N of force was generated in the midrange of the stroke, 0.75 mm < y < 1.22 mm. The maximum force was reached in the middle of the stroke. The slight variations from the model are largely due to machining tolerances from production.
The redirecting stiffness prototype is shown in Fig. 11 . Four redirecting springs redirect the stiffness of the keystone. These steel springs are axially stiff and provide miniscule bending stiffness. Their arrangement in this configuration provides symmetric performance and two four bar linkage structures that prevent parasitic rotation of the keystone. They are oriented approximately 1
• clockwise from the neutral horizontal position of the PZT stacks. This gives the springs a negative slope of roughly y max /(2 L) as used for simulation in Section III. Because of the connectivity provided by the redirecting springs, all steel components can be made from a single monolithic piece of steel, simplifying manufacturing and assembly. When one PZT stack is actuated at 100 V and the other is at 0 V, the measured displacement is 0.72 mm. The direction of displacement depends on which stack is actuated with 100 V. When both stacks are actuated at 100 V, the unforced displacement is 1.22 mm, with the direction depending on which stack was actuated first. The prototype output free displacement values are represented as dashed lines for the conditions simulated in Fig. 6 . Thus, the total bipolar displacement range is 2.44 mm. The unforced displacement of the prototype is slightly greater in magnitude than the modeled energy wells shown in Fig. 6 most likely because the EDM process results in sections of the flexure being slightly less than the designed thickness. In simulation, a decrease in flexure thickness of 10% results in nearly identical prototype and simulation free displacements.
The dual-unit phase-shifted prototype is shown in Fig. 12 . The measured force-displacement curves were integrated to generate the potential energy curves of Fig. 13 . As expected, when both buckling units are grounded (inactive), there is a single stable well at zero displacement. When a single buckling unit is active, there is a nonzero slope at zero displacement forcing the output toward a dominant energy well on the other side. Finally, when both units are active, there are two dominant, symmetric wells on either side of the zero displacement point. The distance between the two wells, 6.2 mm, gives the peak-topeak free displacement of the dual unit buckling actuators. The slope of the tangent to the potential curves provides the force generated by the buckling actuator. A maximum force of 9.6 N was achieved at approximately y = ±1 mm on both sides of the singular point.
This dual unit buckling design allows us for robust buckling direction control, as depicted by the steep slope of the potential curve in Fig. 13(a) . The output node, the keystone, is pushed with a large force (> 9 N) toward a desired direction. This design was tuned to generate a steep potential curve when one unit is active. Based on the potential energy analysis in Fig. 7(b) , the rest angle θ 0 was set to 1.0
• . Comparing Fig. 13 to Fig. 7 , we note that the distances between energy wells, when both stacks are within 10%, but more interestingly we note numerous qualitative similarities: 1) for both units off, there is an energy well at zero displacement; 2) for a single unit on, there is a steep slope at zero displacement forcing the output away; and 3) for both units on there are two deep wells nearly symmetric about zero. If the rest angle θ 0 were to be decreased, the output performance in terms of blocking force and displacement would increase but at the expense of limited fidelity of directional control. Note that the asymmetry in Fig. 13 is mostly due to slight misalignment of the stack actuators shown in Fig. 12 , and does not reflect the positioning repeatability.
C. Dynamic Performance
The existence of dynamic bipolar motion was verified experimentally with the use of the third prototype shown in Fig. 14 . Fig. 15 shows the phase plane plot of experimental data. The large-phase plane portrait outside the theoretical critical trajectories indicates continuous bipolar oscillations sweeping both sides of the singular point. To generate the continuous monopolar and bipolar oscillation, the PZT stacks were activated with periodic 0-100 V square wave voltage inputs at various frequencies. The PZT stacks cycle on and off at twice the frequency of the output motion of the actuator therefore the output frequency is half of the activation frequency. In the phase plane for Fig. 15 , two undamped model trajectories are shown: one with ΔL = 0 and the other with ΔL = ΔL max . The experimental portrait data lie primarily between these two curves as ΔL experimentally varies between 0 and ΔL max . Slight deviations outside of these modeled curves occur due to energy exchanging as the input PZT actuators are cycled. Note that at higher frequencies, monopolar activation forms the expected closed loops around the stable equilibrium points defined by (11) .
VI. CONCLUSION
This paper has presented a nonlinear piezoelectric actuator. With this buckling configuration, we have demonstrated the capability for large displacement, with little added structural volume/mass, and few compliant parasitic energy storage elements. To emphasize this point, let us compare the present study to two typical dual layer flextensional amplification structures that achieves on the order of 100X amplification. In Kim et al. [20] an energy density per stroke by volume of 91.5 J/m 3 is achieved, whereas the simple buckling actuator shown in Fig. 9 achieves 2600 J/m 3 . Similarly, Ueda et al. [21] achieves an energy density per stroke by mass of 0.14 J/kg whereas the simple buckling actuator achieves 0.74 J/kg.
To control the direction of buckling and generate bipolar motion spanning both sides of the singular point, we have utilized three separate methods. By incorporating a redirecting stiffness, the asynchronous activation of each individual input PZT stack can control direction. As can utilizing a plurality of spatially phased buckling units in parallel. Furthermore, activating a single buckling unit dynamically can sweep the output to both sides of the singular point, doubling the stroke of monopolar motion. The dynamic bipolar motion, however, occurs only at amplitudes greater than a defined critical value.
The most notable limiting factor for this actuator is the nonlinear force-displacement profile. Additionally, a rigid frame is necessary to mechanically ground the ends of the buckling units.
Research is currently underway to apply this actuator technology to braking systems that utilize large displacement and zero-current holding force of PZT actuators, and a rotational motor with high-holding torque which requires millimeter scale displacements for gear-like operation while still requiring high force. Unlike traditional friction drive piezoelectric motors, the use of gear teeth opens up applications for driving larger loads and higher torques. To be practical, gear teeth requires displacements on the order of multiple millimeters. Additionally, both of these applications make use of the fact that the maximum force occurs within the middle of the stroke. Future and current studies also include preloading the individual stack actuators within the buckling unit to allow substantial tensile force generation while limiting inefficient strain energy storage. His current research interests include artificial muscles, actuator systems using smart materials, tissue engineering, and optogenetic control of skeletal muscle. 
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